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Exciting Paper that Opens Up New Research Frontiers

1 Causal heterogeneity
Existing work: heterogeneous effects of a treatment
This work: effects of heterogenous treatments

2 Causal inference and machine learning
Existing work: estimation of propensity score, heterogenous effects
This work: control for unobserved confounding

Thought-provoking paper on an extremely important topic
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The Deconfounder Method

Setup:
multiple causes: Ai = (Ai1,Ai2, . . . ,Aim)
unobserved multi-cause confounders: Ai⊥⊥Yi(a) | Ui
no unobserved single-cause confounder:

Methodology:
1 Factor model

p(Ai1,Ai2, . . . ,Aim) =

∫
p(Zi)

m∏
j=1

p(Aim | Zi) dZi

2 Substitute confounder

E{Yi(a)− Yi(a′)} = E{E(Yi | Ai = a,Zi)− E(Yi | Ai = a′,Zi)}

Advantages:
1 checkable assumption about unobserved confounders
2 easy to implement
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Assumptions

Si
<latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit>

Ui
<latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit>

Zi
<latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit>

Ai1
<latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit>

Ai2
<latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit>

Aim
<latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit>

Yi(a)
<latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit>

. . .
<latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit>

assigned causes single-cause
confounder

multi-cause
confounder

substitute
confounder

potential 
outcome 
function

Figure 1: A graphical model argument for the deconfounder. The punchline is that if Zi renders
the Ai j’s conditionally independent then there cannot be a multi-cause confounder. The proof is by
contradiction. Assume conditional independence holds, p(ai1, . . . ,aim | zi)=

Q
j p(ai j | zi); if there

exists a multi-cause confounder Ui (red) then, by d-separation, conditional independence cannot
hold (Pearl, 1988). Note we cannot rule out the single-cause confounder Si (blue).

conditional independence still holds.

Here is the punchline. If we find a factor model that captures the population distribution of assigned

causes then we have essentially discovered a variable that captures all multiple-cause confounders.

The reason is that multiple-cause confounders induce dependence among the assigned causes,

regardless of how they connect to the potential outcome function. Modeling their dependence, for

which we have observations, provides a way to estimate variables that capture those confounders.

This is the blessing of multiple causes.

2.3 The identification strategy of the deconfounder

How does the deconfounder identify potential outcomes? The classical strategy for causal identi-

fication is that ignorability, together with stable unit treatment value assumption (SUTVA) and

overlap, identifies the potential outcomes (Imbens, 2000; Hirano and Imbens, 2004; Imai and

Van Dyk, 2004). The deconfounder continues to assume SUTVA and overlap, but it weakens

13

1 SUTVA
2 No single-cause confounder

Aij⊥⊥Yi(a)
 This should be
Ai⊥⊥Yi(a) | Ui , Aij⊥⊥Aij ′ | Ui

3 Overlap:
p(Aij ∈ A | Zi) > 0 for all sets
A with p(A) > 0

Zi is a function of causes different from usual propensity score
1 factor model: Zi = ĥ(Ai)→ h(Ai) as the sample size grows
 overlap assumption might be difficult to satisfy

2 Aij causally affects Aij′

 factor model no longer applicable, must know causal ordering
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Nonparametric Identification

Two-step proof:
1 existence of factor model for multiple causes (Proposition 5)
2 nonparametric identification of causal effects given the consistency

of substitute confounders (Theorem 6)

D’Amour (2019)
1 provides an example where many factor models are compatible

with observed data, yielding different causal effect estimates
2 shows even the existence of unique factor model does not

guarantee identification
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Mechanics of the Substitute Confounder

Substitute confounder has the property: Ai⊥⊥Ui | Zi

E{Yi(a,Ui)}

=

∫
Yi(a,Ui = u)p(Ui = u)du

=

∫ ∫
Yi(a,Ui) p(Ui = u | Zi = z)p(Zi = z)dudz

=

∫ ∫
Yi(a,Ui) p(Ui = u | Ai = a,Zi = z)p(Zi = z)dudz

=

∫
E(Yi | Ai = a,Zi = z)p(Zi = z)dz

Implied estimator:

̂E{Yi(a,Ui)} =
1
n

n∑
i=1

̂E(Yi | Ai = a,Zi = Ẑi) where Ẑi = ĥ(Ai)
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The Support Condition of the Substitute Confounder

The support of p(Zi) must be the same as that of p(Zi | Ai = a)
 otherwise, we can’t compute E(Yi | Ai = a,Zi = z) for some z

Equivalent to the support condition p(Ai = a | Zi = z) > 0 for all a
and z such that p(Ai = a) > 0 and p(Zi = z) > 0.
Given Ai , Zi = h(Ai) is constant

Average causal effect of changing the first k (k < m) causes
(Theorem 7)

Requires the calculation of E(Yi | Ai,1:k = a1:k ,Zi = z)
The same support condition problem applies
Example Zi =

∑
αjAij violates the support condition when Aij ’s are

binary
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Different Assumptions?

“D’Amour (2019) do not make the same assumptions as in
Theorem 6” (p. 54)

1 The outcome is separable:

E(Yi(a) | Zi = z) = f1(a) + f2(z)

Then, E(Yi(a) | Zi = z)− E(Yi(a′) | Zi = z) = f1(a)− f1(a′)
But, in large sample, Zi = h(Ai) f2(z) = f2(h(a)) separability does
not hold in general

2 The substitute confounder is a piece-wise constant function of the
(continuous) causes, ∇afθ(a) = 0 where p(Zi | Ai = a, θ) = δfθ(a)

Changing a→ a′ does not change f2(z)
But again, in large sample, f2(z) = f2(h(a)) and so this assumes
away confounding issue all together

Binary causes
1 Separability: E(Yi(a)− Yi(a′) | Zi = z) = f1(a− a′) + f2(z)
2 There exist anew ,a′

new s.t. anew − a′
new = a− a′ ?→ f (anew ) = f (a′

new )

 the same problems as above apply here
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Connection to the Control Function in Econometrics

Control function is a variable that, when adjusted for, renders a
treatment variable exogenous deconfounder!
But, it requires instrumental or proxy variable Wi
Classic two-stage least squares:

1 Regress Ai on Wi and obtain residuals ε̂i
2 Regress Yi on Ai and ε̂i

Nonparametric identification of triangular system (Imbens and
Newey, 2009):

Yi = g(Ai , εi)

Ai = h(Wi , ηi)

where Wi⊥⊥(εi , ηi) and h(·, ·) is strictly monotonic in a continuous
disturbance ηi

Control function is Vi = FA|W (Ai ,Wi)
Even in this case, for the identification of causal effects, we require
the support of p(Vi) is the same as that of p(Vi | Ai)
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A Possible Parametric Strategy
1 Assume that the joint distribution of (Ai ,Ui) is uniquely identifiable

If Ui is binary and we have 3 binary causes Ai = (Ai1,Ai2,Ai3) such
that Aij is independent of Aij′ given Ui , then the joint distribution of
(Ui ,Ai) is identifiable up to label switching
Kruskal (1977) for general results on discrete variables and Allman
et al (2009) and Stanghellini et al. (2013) for recent generalization
to correlated variables

2 Assume a parametric outcome model:

Yi =
K∑

k=1

βk fk (A) + γg(Ui)

where fk (·) and g(Ui) are pre-specified functions.
If γ is known, the average treatment effects are identifiable so long
as (f1, . . . , fK ) are linearly independent
If γ is unknown, the average treatment effects are identifiable so
long as (f1, . . . , fK ,E{g(Ui | Ai)}) are linearly independent
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Nonparametric Strategy Using Instrumental Variables

Cox and Donnely (2011):
if an issue can be addressed nonparametrically then it will often
be better to tackle it parametrically; however, if it cannot be
resolved nonparametrically, then it is usually dangerous to resolve
it parametrically.
Nonparametric identification via instrumental variables:

U

tt ~~ ��
W //

%%
A1 77· · · Am // Y

The separable outcome model:

Yi = g(Ai) + Ui

with the instrumental variable satisfying E(Ui |Wi) = 0
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1 All binary causes

E(Yi |Wi) =
∑

a1,...,am=0,1

g(a1, . . . ,am)

×Pr(Ai1 = a1, . . . ,Aim = am |Wi).

where Wi must have more than 2m levels

2 All continuous causes

E(Yi |Wi) =

∫
g(a1, . . . ,am)

×p(Ai1 = a1, . . . ,Aim = am |Wi)da1 · · · dam.

where for any function g, if E{g(Ai1, . . . ,Aim) |Wi = w} = 0 for all
w , then g(a1, . . . ,am) = 0 for all a1, . . . ,am.
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Concluding Remarks

The Wang and Blei paper opens up new research frontiers:
causal inference with many causes
use of factor models in causal inference

Key insight: factorization deconfounder (checkable)
Difficulty: the support condition for the substitute confounder

Two possible ways to make progress:
1 parametric strategies to identify factor and outcome models
2 nonparametric strategies based on instrumental and proxy

variables connections to the control function method
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